Abstract. The aim of this article is to prove some results on the existence of an integral extension domain of a complete local Noetherian domain in mixed characteristic p > 0 having certain distinguished properties with respect to the Frobenius map. We prove the main results by constructing required extension domains via Witt vectors and the method of maximalétale extensions. It is worth remarking that the resulting algebras have deep connections with the homological conjectures and the rings in p-adic Hodge theory.
Introduction
All rings in this article are assumed to be commutative and unitary. Let A + be the absolute integral closure of an integral domain A (see Definition 2.1). We set F p := Z/pZ for a prime integer p > 0. The aim of this article is to investigate the following problem.
Problem 1. Assume that A is a (not necessarily Noetherian) integral domain of mixed characteristic p > 0 and A + is the absolute integral closure of A. Then does there exist an A-algebra T such that A ⊂ T ⊂ A + together with a non-zero non-unit element π ∈ T , T /πT is an F p -algebra and the Frobenius endomorphism is bijective (or surjective) on T /πT ?
Problem 1 has some interesting applications by combining it with the theory of (ramified) Witt vectors, especially, to the homological conjectures (see [11] and [19] and Proposition 5.6 below) and the construction of some rings (called the Fontaine rings) used in p-adic Hodge theory. One of the main streams into the p-adic Hodge theory is attributed to the almost purity theorem originally proved by Faltings (see [7] , [15] and [20] for the almost purity theorem and [24] for its application to the homological conjectures), In p-adic Hodge theory, the surjectivity of the Frobenius is an important issue. To the best of author's knowledge, it is quite hard to find a good approach to Problem 1 and almost nothing is known in commutative ring theory. The element π is usually taken to be p or the uniformizing parameter of a discrete valuation ring V . If the Frobenius endomorphism is bijective (resp. surjective) on an F p -algebra, then we say that it is perfect (resp. semiperfect). In this article, we attack Problem 1 by taking A to be a complete local Noetherian domain with mixed characteristic, which we denote by S throughout this article. Since any attempt to find an integral extension S → T such that T has a perfect (or semiperfect) quotient with sufficiently good properties for applications seems to require more steps which are hard to come by at this point, we satisfy ourselves by proving some relevant results. We note that a key idea of Problem 1 is contained in the following problem.
Problem 2. Assume that A is a (not necessarily Noetherian) normal domain of mixed characteristic p > 0 and A + is the absolute integral closure of A. Then describe the maximalétale extension of A inside A + .
A precise definition of maximalétale extensions will be given in Definition 6.3. We now state our main theorems as a partial answer to Problem 1 and Problem 2, which deals with the bijectivity of the Frobenius map (see Theorem 8.1).
Main Theorem A . Let S be a complete local domain of mixed characteristic p > 0 with finite residue field. Then there exists an S-algebra T with a non-zero non-unit element π ∈ T such that the following conditions hold:
(i) T is a normal domain and S ⊂ T ⊂ S + .
(ii) T /πT is a reduced F p -algebra.
(iii) For any prime ideal P of T that is minimal over πT , the Frobenius endomorphism is bijective on the quotient ring T /P .
We make a couple of comments. The most crucial part of Main theorem A is that πT is a radical ideal of T . Let {P i } i∈Λ be the set of all prime ideals of T that are minimal over πT . Then we have πT = √ πT = ∩ i∈Λ P i . If we ignore that πT is a radical ideal, it is immediate to see that the absolute integral closure T = S + satisfies all other conditions (the surjectivity of the Frobenius map on S + /pS + is clear in view of the fact that any monic polynomial f (X) ∈ S + [X] splits into the product of linear factors). The reason for assuming the finiteness of the residue field in the theorem is that it is crucial to use an extension of the Witt-Frobenius map on the (usual) p-typical Witt vectors to its ramifed extension. Historically, this idea was introduced by V. Drinfeld. We will see that our proof of the main theorem sheds light on the structure of T in more details; the ring T is relatively small compared with S + and carries some information about the ramification over some big ring R ∞ , which we introduce in the main context (see Definition 6.1). Indeed, this is concerned about the second main theorem below. Let W(F) be the ring of Witt vectors of a finite field F of characteristic p > 0 and let (V, π, F) be a discrete valuation ring which is finite flat over W(F). Then we have the following result (see Corollary 8. (i) The natural ring map
is the filtered colimit of finiteétale R ∞ /πR ∞ [ (ii) Fix a prime ideal P of T that is minimal over πT . Then there exists a ring automorphism:
such that F(P ) = P and the induced map F : T /P ∼ − → T /P coincides with the q-th power map with q := |F| and F = V /πV .
The conclusion of the above theorem is that there is a lift of the q-th power map from T /P to T . Combining both Main Theorem A and Main Theorem B, it seems reasonable to guess that T /πT is a perfect algebra. However, we can only say that this is a subtle question.
Next, let us turn our attention to the construction of a semiperfect algebra which allows a deep ramification over p, as a reasonably small integral extension over a complete local domain. In this case, we consider the situation where surjectivity of the Frobenius map holds, while injectivity of the Frobenous map fails. It should be noted that the resulting algebra is much smaller than its absolute integral closure. More precisely, we prove the following theorem which is valid for any perfect residue field (see Theorem 9.2).
Main Theorem C . Let S be a complete local domain with mixed characteristic p > 0 and perfect residue field k. Then there exists an S-algebra T such that the following hold:
(ii) There is an element π ∈ T such that π p = p and the Frobenius endomorphism is surjective on T /pT , which induces an isomorphism:
(iii) There exist a complete discrete valuation ring V , a regular local sub-algebra
together with an element a ∈ R, and a complete local normal domain S ′ such that R ⊂ S ′ ⊂ T , where R → S ′ is module-finite, S ′ → T is integral, the height of the ideal (p, a) of R is 2, and the localization maps:
are ind-étale. In particular,
is ind-étale.
We remark that S in the above theorem has no inclusion relation with R. The present article is seen as a sequel of author's attempt [24] and [25] to understand rings of mixed characteristic via Frobenius and Witt vectors. The author believes that rings constructed in this article should be studied more extensively.
1.1. Outline of the paper. In § 2, we introduce some notation and recall definitions of some ring theory in the non-Noetherian context.
In § 3, we give only basic part of the theory of Witt vectors with emphasis on lifting of rings of positive characteristic with its Frobenius map to rings of mixed characteristic.
In § 4, we discuss normality andétale ring extensions in the non-Noetherian context and it is important to give special care to how these notions are defined in this generality.
In § 5, we discuss ramified Witt vectors due to Drinfeld to the extent we need (see [6] for more details) and its connection with the construction of big Cohen-Macaulay algebras. Then, we discuss Gabber's refinement of classical Cohen's structure theorem on complete local rings. This section will be a key part for constructing some big rings.
In § 6, we introduce a basic ring denoted R ∞ and discuss its basic properties. Then we introduce the notion of maximalétale extension with respect to a torsion free ring extension A → B such that A is normal domain and B is reduced. The author thinks that this is a fundamental notion in commutative algebra, though no relevant reference for pure algebraists has been found (Grothendieck's algebraic fundamental group has a connection [10] ).
In § 7, we introduce more rings of mixed characteristic. They are defined to be stable under the q-Witt-Frobenius map and these rings turn out to give a partial answer to the problems in the introduction.
In § 8, we establish Main Theorem A and Main Theorem B. Some remarks concerning rings constructed in this article are made for future's research.
In § 9, we establish Main Theorem C, where we construct a certain integral extension of a complete local domain which is semiperfect, but not perfect. It is related to the construction of Fontaine rings.
Notation
All rings in this article are commutative with unity. However, we do not always assume rings to be Noetherian. A local ring is a Noetherian ring with a unique maximal ideal. The characteristic of this article is highly non-Noetherian and we will need to consider an infinite integral extension of a Noetherian domain.
Definition 2.1 ([2]
). Let A be an integral domain. Then the absolute integral closure of A is defined to be the integral closure of A in the algebraic closure of the field of fractions of A. We denote this ring by A + .
Note that if A is not a field, then A + is not Noetherian. We refer the reader to [3] for the homological aspect of the absolute integral closures of Noetherian domains. Definition 2.2. Let p > 0 be a prime number. Say that a ring A is p-torsion free, if p is a non-zero divisor in A. Say that a p-torsion free ring A is of mixed characteristic p > 0, if pA = A. Definition 2.3. An F p -algebra B is perfect (resp. semiperfect), if the Frobenius map is bijective (resp. surjective) on B.
Let A be an F p -domain. Then there are standard ways to find perfect algebras containing A. One is to take the perfect closure of A, which is obtained by adjoining all p-power roots of all elements of A. The second is to take the absolute integral closure of A. It is quite crucial to make an essential use of the Witt vectors in this article. There are many flavors of Witt vectors in the literature, however the only Witt vectors we consider are the (p-typical or ramified) Witt vectors of perfect F p -algebras. A basic reference of p-typical Witt vectors is Serre's book [21] . Another good source is an expository paper [17] . The theory of the ramified Witt vectors is quite similar to the theory of the p-typical Witt vectors. However, it is necessary to assume the residue field F to be finite and the category of W(F)-algebras is replaced with the category of algebras over a valuation ring that is finite over W(F) (see [6] for details). We will give a review of (ramified) Witt vectors to the extent we need in the main context.
The notation Frac(A) stands for the total ring of fractions for a ring A. If A is reduced with only finitely many minimal primes, then Frac(A) is a finite direct product of fields. A ring map R → S is torsion free, if every regular element in R is also regular in S. This is equivalent to the condition that the natural map S → Frac(R) ⊗ R S is injective.
Remark 2.4. One should always be cautious in the use of the phrase "the Witt-Frobenius map on a ring S". After a pair (W(A), i) has been fixed, where A is a perfect F p -algebra A and i : S ֒→ W(A) is a ring injection, the Witt-Frobenius map on S is defined by restricting it from W(A) to S. So it depends on an embedding of S into some ring of Witt vectors.
3. π-adic deformation and Witt vectors 3.1. Witt vectors and the Frobenius. In this section, we introduce a notion of π-adic deformation of rings and discuss its relation to Witt vectors. We will later discuss the ramified Witt vectors in detail. Fix a prime number p > 0 and a ring A of arbitrary characteristic. Denote by W(A) (resp. W p n (A)) the ring of (p-typical) Witt vectors (resp. Witt vectors of length n). Then one has a set-theoretic identity: W p n (A) = A n+1 and a ring-theoretic isomorphism:
There is a well-defined ring homomorphism called the Witt-Frobenius map:
which is described as follows. If A is a ring of prime characteristic p > 0, then F(r 1 , r 2 , . . . , r n , . . .) = (r p 1 , r p 2 , . . . , r p n , . . .). A more general formula is found in ( [7] ; Remark 1.5). We often use the symbol "Frob" to denote the p-th power map: x → x p for x ∈ R and ring R of characteristic p > 0 to distinguish it from the similar map F as above. It is easy to see that if B is a perfect F p -domain which is not a field, then B is not Noetherian. Fix a ring B of prime characteristic p > 0. Then can one find a ring A of mixed characteristic p > 0 such that A/pA ∼ = B? This leads to the following definition:
Definition 3.1. Let B be a ring. Then a ring A with a non-zero non-unit element π ∈ A is a π-adic deformation of B, if A is π-torsion free, complete in the π-adic topology and A/πA ∼ = B.
Let us collect some basic properties of Witt vectors which we often use (see [21] for more details).
• If A is a perfect F p -algebra, then W(A) is a p-adically complete, p-torsion free algebra, and there is a surjection π A : W(A) ։ A with kernel generated by p.
such that the composite map p|x ⇐⇒ a 0 = 0.
• If A → B is a ring homomorphism of perfect F p -algebras, then there is a unique ring homomorphism W(A) → W(B) making the following commutative square:
we have a unique p-adic deformation for a perfect F p -algebra, as stated in the following proposition. Proof. The ring A is given as the Witt vectors W(A) and the proof of the uniqueness is found in ( [21] ; Proposition 10 in Chapter II §5). Alternatively, one may use the cotangent complex to avoid the use of Witt vectors (see [20] ; Theorem 5.11 and Theorem 5.12). Proof. Let A be a π-adic deformation of B. Since A is π-adically complete, it is π-adically separated. Assume that there is an element y 1 ∈ A such that y n 1 = 0 for some n > 0. Then since B = A/πA is reduced, the image of y 1 in B is zero. Thus, we have y 1 = πy 2 for some y 2 ∈ A and π n y n 2 = 0. Since π is a non-zero divisor, we have y n 2 = 0. Then we may find y 3 ∈ A for which y 2 = πy 3 and y 1 = π 2 y 3 . Continuing this argument, we get
due to the fact that A is π-adically separated. Hence y 1 = 0, as desired.
Normality of rings
4.1.Étale extensions. Let us start with a review onétale ring maps in a general form. We refer the reader to [26] as a standard reference. Forétale ring maps, we have standard results.
Lemma 4.2. Let A → B be a ring map. (i) A composite ofétale ring maps isétale. (ii) The base change of anétale ring map isétale. (iii) Assume that A → B is of finite presentation. Then A → B is formallyétale if and only if it isétale.
Example 4.3.
(1) Let A be a ring. A simple example is that for a non-nilpotent element f ∈ A, the localization A → A[ So it is necessary to assume all the specified conditions in the definition ofétale ring maps.
Normality criteria.
By a normal ring, we mean a ring A such that A p is an integrally closed domain in its field of fractions for all prime ideals p of A. In particular, A is reduced.
Lemma 4.4. Assume that A is a reduced ring with finitely many minimal prime ideals. (i) A is normal if and only if it is integrally closed in its total ring of fractions.
(ii) If A is a normal ring with minimal prime ideals p 1 , . . . , p n , then
Proof. The first statement is in ( [27] ; Lemma 2.1.15) and the second statement is in ( [27] ; Corollary 2.1.13).
In case that A has infinitely many minimal prime ideals, we have the following lemma.
Lemma 4.5. (i) If A is a normal ring, then it is integrally closed in its total ring of fractions. (ii) Assume that A ⊂ B is a torsion free ring extension such that B is integrally closed in the total ring of fractions of B. Then the integral closure of A in the total ring of fractions of A is contained in B.
Proof. (i): Let Frac(A) be the total ring of fractions and let x ∈ Frac(A) be integral over A. Define an ideal of R: I := {b ∈ A | bx ∈ A}. For a prime ideal p of A, the natural map A p → Frac(A) ⊗ A A p is injective. Since A p is a domain, we may naturally view Frac(A) ⊗ A A p as a sub-algebra of Frac(A p ). Moreover, A p is an integrally closed domain, so we have x ⊗ 1 ∈ A p and there exist elements f ∈ A\p and a ∈ A such that x ⊗ 1 = a ⊗ 1 f . Writing this as (f x − a) ⊗ 1 = 0, we may find g ∈ A\p such that gf x = ga. Since ga ∈ A, we must get gf ∈ I and gf ∈ A\p. Since p range over all prime ideals, the ideal I cannot be contained in any prime ideal. Hence I = A and x ∈ A.
(ii): This follows from the fact that the injection A ⊂ B extends to an injection Frac(A) ⊂ Frac(B) and the following commutative diagram:
It is noted that the converse of (i) in Lemma 4.5 is not true.
Lemma 4.6. Let (f, g) be a regular sequence (in this order) in an integral domain A. Then
Moreover, if both A[ Since the intersection of normal domains is normal, the second assertion is clear. (
an integral extension of normal domains. Suppose that the principal ideal
πB (π) is radical for the map
Then πB is radical. In particular, this is satisfied if
Proof. (i): Let A no be the normalization of A in Frac(A). Then it suffices to show that A = A[
is a normal domain, we have A (π) = (A no ) (π) . Thus we can write x = b y for some y ∈ A\πA and b ∈ A. Since A/πA is an integral domain by assumption, (π, y) is an A-regular sequence and we get
in view of Lemma 4.6.
(ii): Assume that πB is not radical and deduce a contradiction. Then there exists t ∈ B such that t N ∈ πB and t / ∈ πB for some N > 0. But since πB (π) is radical by assumption, we have t ∈ πB (π) and so we can write t = π b x for some x ∈ A\πA and b ∈ B.
Since t ∈ B, we have
. Since A/πA is an integral domain, x is a regular element on A/πA. Hence, (π, x) is a regular sequence on A and we have A = A[
by Lemma 4.6. On the other hand, we claim that
is an integral extension. For this, let 
which yields a contradiction to our hypothesis. Hence we must have t ∈ πB.
Remark 4.8. Assume that A → B is a finiteétale extension. If A/pA is a perfect F p -algebra, then so is B/pB. Indeed, this follows by remarking that the map A/pA → B/pB is finiteétale and that the relative Frobenius map
is an isomorphism and this map coincides with the Frobenius endomorphism on B/pB. This fact holds more generally for an absolutely flat map A → B (see [16] for its definition and [9] ; Theorem 3.5.13, or [15] ; Lemma 3.1.5 for a proof). Moreover, [15] contains a comprehensive discussion on the tensor category of finiteétale algebras over a fixed base ring.
Ramified Witt vectors and Cohen-Gabber's theorem

Ramified Witt vectors.
In this section, we discuss the ramified version of the p-typical Witt vectors, which was introduced by Drinfeld [8] . It turns out to play a crucial role after combining it with Cohen-Gabber's theorem. Traditionally, the ramified Witt vectors are defined by taking Witttype polynomials with respect to π, where π is a fixed parameter of a complete discrete valuation ring. It is instructive for us to avoid the heavy calculus of Witt vectors, so I will take a more direct approach to define the ramified Witt vectors whose exposition is found in [5] , [6] . A finite flat extension of discrete valuation rings (V,
Throughout, we fix a perfect field k of characteristic p > 0 and a totally ramified extension of discrete valuation rings W(k) → V together with an element π of V generating the maximal ideal. Then it is known that V = W(k)[π] and π is defined by an Eisenstein polynomial.
To define the q-Witt-Frobenius map on the ring of ramified Witt vectors, we need to impose the following restriction on (V, π V ).
(Fin): The residue field of V is finite and consists of q = p e elements. Henceforth, we denote the finite residue field by F q or simply by F.
This restriction lets us consider the category of complete local Noetherian rings with finite residue field. In general, there is no extension of the (iterated) Witt-Frobenius map from W(k) to its finite extension, unless it is anétale extension or k is a finite field. First, let W(k) → A be a finiteétale extension. Then one has A ∼ = W(k ′ ) for a finite extension k → k ′ and A has the Witt-Frobenius map. Next, let W(k) → A be a (possibly ramified) finite extension and k is a finite field with |k| = p e . Then the e-th iterated Frobenius map is the identity on W(k) and hence it extends as the identity on A.
Definition 5.1. Let (V, π) satisfy the condition (Fin) and let A be a perfect V /πV -algebra. Then the ring of ramified Witt vectors of A with respect to (V, π) is defined to be the tensor product:
which we denote by W π (A).
It defines a functor from the category of perfect V /πV -algebras to the category of V -algebras. There is an alternate way of defining the ramified Witt vectors, but the above definition is easier to work with to derive important results. The following proposition allows one to expand an element of the ramified Witt vectors as the π-adic representation as in the p-typical Witt vectors. 
such that f A is multiplicative and the image f A (K) ⊂ A is the set of all elements of A which admit p n -th roots for all n > 0. In particular, assume that a n = π n A for all n > 0 and a non-zero divisor π ∈ A. Then any element x ∈ A admits the following presentation:
in which the sequence a 0 , a 2 , . . . is uniquely determined.
Proof. The first part is found in ( [21] ; Proposition 8 in Chapter II §4). For the second part, fix an element x ∈ A. Then we may find a 0 ∈ K such that x − f A (a 0 ) ≡ πA. Then x = f A (a 0 ) + πx 1 with x 1 ∈ A and apply the same process to x 1 . Eventually, since A is π-adically complete and separated, the presentation
converges to x. And it is easy to see that the sequence a 0 , a 2 , . . . is uniquely determined. Conversely, an element of the form (5.1) converges in A.
The next proposition is an extension of Proposition 3.2, which simply says that the ring of ramified Witt-vectors gives a unique π-adic deformation of a perfect V /πV -algebra. 
Proof. This is found in ([6] ; Proposition 2.11).
The next proposition describes the detailed structure of ramified Witt vectors. (ii): We may define the map F π by setting
for r ∈ W(A) and s ∈ V . This is well-defined since F e acts trivially on W(F q ) (this is exactly where we need that the residue field is finite). Alternately, we may apply Proposition 5.2. Namely, 
and the target ring is a field by linearly disjoint property. Then there is an isomorphism of domains:
is finiteétale, it follows that W π (A)[
] is an integrally closed domain. On the other hand, (π) is a principal prime ideal of W π (A) and the localization W π (A) (π) is a discrete valuation ring. Applying Corollary 4.7, the integral domain
We shall call F π the q-Witt-Frobenius map. The next lemma will be used to embed a complete local domain into the ring of ramified Witt vectors.
Lemma 5.5. Let A be an algebra which is flat over (V, π) and assume that A/πA is a perfect V /πV -algebra and A is π-adically separated. Then there is a canonical injection:
which lifts the identity map on A/πA and which sends π ∈ A to π ∈ W π (A/πA).
Proof. By ( [25] ; Lemma 4.2), the π-adic completion of A, denoted by A ∧ , will be a π-torsion free, π-adically complete ring such that A ∧ /πA ∧ is a perfect V /πV -algebra. Hence we have a canonical identification:
into which A is embedded by the hypothesis that A is π-adically separated. Hence we get the canonical injection.
5.2. Big Cohen-Macaulay algebra. We give a simple application of the ramified Witt vectors to the construction of big Cohen-Macaulay algebras. Let (R, m) be a local Noetherian ring. An R-algebra T is a big Cohen-Macaulay algebra, if there is a system of parameters of R that is a regular sequence on T and 1 ∈ mT . Recall that A + is a balanced big Cohen-Macaulay algebra for a complete local domain A of characteristic p > 0. In other words, every system of parameters of A is a regular sequence on A + . This is the main result of [12] . The following proposition does not seem to be found in the literature.
Proposition 5.6. Assume that (S, m) is a complete local domain which is flat over (V, π). Assume there is a sub-algebra S ⊆ T ⊆ S + such that T /πT is a perfect F p -algebra. Then S maps to a big
Cohen-Macaulay S-algebra.
Proof. Let T ∧ denote the π-adic completion of T . Then T ∧ is π-torsion free in view of ( [25] ; Lemma 4.2) and it is the unique π-adic deformation of the perfect
Note that S/πS is a complete local ring of characteristic p > 0 and S/πS → T /πT is a (not necessarily injective) integral extension and T /πT maps to a balanced big Cohen-Macaulay perfect F p -algebra which is constructed as follows: Choose a prime ideal P of T that is minimal over πT . Now every system of parameters of S/πS is a regular sequence on the absolute integral closure (T /P) + of T /P and the composite ring map
gives a big Cohen-Macaulay S-algebra.
In general, if T is an algebra with S ⊂ T ⊂ S + , the principal ideal πT is easily checked to be radical in certain cases, while the surjectivity of the Frobenius map on T /πT is a subtle matter.
5.3.
Cohen-Gabber's theorem. Gabber recently proved an improved version of Cohen's structure theorem for complete local rings. One aspect of Gabber's result is that it gives a control of ramification of a module-finite extension from a complete regular local ring. The original statement is in a more general form, but we state it in a form that suffices for our purpose. We discuss only the mixed characteristic case. For more details with proofs, see ( [13] ; Theorem 3.5 or [14] for complete details). 
Theorem 5.7 (Gabber). Assume that (A, m) is a complete local normal domain of dimension
By an easy calculation, R[
] is anétale extension of degree 2, and there is no proper intermediate normal ring between R and S. Let T be the normalization of (S ⊗ W(k) V ) red , where
is a ramified discrete valuation ring with a maximal ideal πV . We claim that T /πT is reduced. Localizing the module-finite map
and πT (π) is radical. Thus, πT is a radical ideal in view of Corollary 4.7.
6. Basic set-up 6.1. Basic ring. We fix some notation. Let F q be a finite field consisting of q = p e elements and denote by W(F q ) the ring of Witt vectors and let (V, π, F q ) be a complete discrete valuation ring of mixed characteristic p > 0. That is, we continue to assume (Fin) throughout this section. Assume
→ S is a module-finite extension of local normal domains such that
is finiteétale, where R (π) is the discrete valuation ring which is the localization of R at the principal prime ideal πR. Under the above assumption, there exists an element a ∈ R such that the height of (π, a) is 2 and R[
] isétale. Definition 6.1 (Basic ring). Under the set-up as above, let us define
The perfect closure of the integral domain R/πR is isomorphic to R ∞ /πR ∞ . That is, the p-th power map on R ∞ /πR ∞ is a bijection. The π-adic completion of R ∞ is isomorphic to the ring of the ramified Witt vectors W π (R ∞ /πR ∞ ), Namely, we have
By Proposition 5.4, R ∧ ∞ is a normal domain. There is a commutative diagram:
in which Frob e is the q-th power map and F π (π) = π and Φ is the natural projection obtained by reduction modulo π. The q-Witt-Frobenius map F π restricted to its sub-algebra R ∞ defines a ring automorphism:
d).
It is easy to see that R → R ∞ is integral and faithfully flat. Proof. If A ֒→ C 1 ֒→ B and A ֒→ C 2 ֒→ B are finiteétale sub-algebras, then the base change A → C 1 ⊗ A C 2 is also finiteétale. Using this fact, we prove that A ֒→ C 1 · C 2 ֒→ B is a finiteétale sub-algebra over A. To see this, note first that C 1 ⊗ A C 2 is a normal ring by normality of A, since normality is preserved underétale extensions. Moreover, since A is a domain, C 1 ⊗ A C 2 has finitely many minimal primes P 1 , . . . .P m . So we have
and (C 1 ⊗ A C 2 )/P i is a normal domain. Let J be the kernel of the map g :
Then J is a radical ideal and it is written as ∩ j∈Λ Q j , where Q j range over all primes that are minimal over J (the existence of a minimal prime ideal in a ring is assured by Zorn's lemma). Moreover, g(Q j ) is a minimal prime ideal of C 1 · C 2 . Since A → C 1 · C 2 is a torsion free module-finite extension and A is a normal domain, it satisfies the Going-Down condition ( [27] ; Theorem 2.2.7). Then we see that the prime g(Q j ) contracts to the zero ideal of A in view of ( [27] ; Lemma B.1.3) under the map A → C 1 · C 2 . This shows that each Q j coincides with one of P 1 , . . . , P m , from which we deduce that C 1 · C 2 coincides with the localization (
is finiteétale and this establishes the proposition.
Note that C 1 · C 2 in the proposition is a finite direct product of normal domains. We make a definition of maximalétale extension in the generality we need. Definition 6.3. Let A ֒→ B be a torsion free ring extension such that A is a normal domain and B is reduced. Then we define the maximalétale extension of A inside B to be the filtered colimit of all finiteétale A-algebras contained in B. We will write this extension as Aé t B or just as Aé t , if no confusion is likey.
Note that the maximalétale extension of A is a sub-algebra of B and it is an integral ind-étale extension of A.
Lemma 6.4. The maximalétale extension Aé t is a normal ring.
Proof. Note that the normality is preserved underétale extension and the filtered colimit of normal rings (with torsion free transition maps) is normal ( [27] ; Proposition 19.3.1). Thus, Aé t is a normal ring by normality of A, that is, the localization of Aé t at any of its maximal ideal is an integrally closed domain. Proof. The field extension K → L is ind-étale by construction, so it is separable. For normality, let g ∈ Hom K (L, K). Then what we need to show is that g(L) = L. Since g(A) = A, g(Aé t ) is an indetale extension over A which is contained in A + . Hence the composite ring Aé t · g(Aé t ) is ind-étale over A. Then by the maximalétale condition of Aé t over A, we must have g(Aé t ) ⊂ Aé t ·g(Aé t ) = Aé t . From this, it is easy to see that g(Aé t ) = Aé t . Thus g(L) = L and K → L is a normal extension, as desired.
We resume the notation as in the previous section. We note that πR ∞ is a prime ideal of R ∞ and the extension R (π) → (R ∞ ) (π) is an integral extension of discrete valuation rings. Moreover, the extension of residue fields:
is purely inseparable and (R ∞ ) (π) /π(R ∞ ) (π) is a perfect field which is identified with the perfect closure of Frac(
is the maximalétale extension. To simplify the notation, we put R := (R ∞ )é t (π) . Let Q be a fixed maximal ideal of R. We put K := R Q /πR Q , where R Q is the localization of R at Q. Remark 6.7. Note that R is a normal domain of Krull dimension one, since it is integral over the discrete valuation ring (R ∞ ) (π) . Moreover, R Q is the filtered colimit of discrete valuation rings (R i , π i ) i∈Λ such that (π i ) = πR i . From this, it follows that R Q is a discrete valuation ring and K is its residue field With the notation as in Definition 6.6, the ring extension
is ind-étale. Hence R/πR is a perfect V /πV -algebra, since the class of perfect algebras is stable under taking ind-étale extensions. Therefore, K is a perfect field and let W π (K) denote its ring of ramified Witt vectors.
is a discrete valuation ring. The torsion freeness follows from this. The second statement is clear.
Proof. R Q is a π-torsion free ring and K = R Q /πR Q is a perfect field which is isomorphic to W π (K)/πW π (K). Hence the π-adic completion of R Q is canonically isomorphic to W π (K) in view of Proposition 5.3. Since R Q is a discrete valuation ring, it is π-adically separated.
By this lemma, there is a chain of ring injections:
where R ∧ Q denotes the π-adic completion of a ring R Q . More precisely, R Q ֒→ W π (K) in (6.1) is defined as follows:
• R Q ֒→ R ∧ Q is the canonical injection induced by the π-adic completion. The V -algebra isomorphism R ∧ Q ∼ = W π (K) is uniquely characterized by fixing an isomorphism on the residue fields modulo π. Namely, we have fixed an identity map on residue fields:
The sequence (6.1) will play an important role. On the other hand, since R ∞ is π-adically separated, we have another commutative square:
where
7. Witt-Frobenius stable algebras 7.1. Construction of some algebras. Let the notation be as in Definition 6.6. In this section, we construct two big R ∞ -algebras as sub-algebras of W π (K). These algebras are defined as large integral extensions of R inside W π (K) such that they are stable under F π . However, it should be noted that if B ⊂ W π (K) is a sub-algebra, then it is generally not true that F π (B) ⊂ B (see Example 7.5 below). The failure of the stability of the q-Witt-Frobenius map forces us to study a certain huge integral extension of R ∞ to achieve the stability. Let ht I denote the height of an ideal I in a ring. Definition 7.1. Let the notation be as above. We fix an element a ∈ R = V [[x 2 , . . . , x d ]] with the condition ht(π, a) = 2 and define an R ∞ -algebra T n (n = 0, 1, . . .) with the following conditions:
• R ∞ ⊂ T n ⊂ W π (K) and R ∞ → T n is an integral extension.
• The localization map
is the maximalétale extension inside W π (K) for n ≥ 0, where we put
where F k π is the k-th iterated F π or F −1 π , depending on k being > 0 or < 0, and F 0 π is the identity map (in particular, we have a 0 = a). Under the above notation, there is an increasing chain of rings:
and the filtered colimit
It is probably better to write T {a} n rather than just T n to indicate that T n depends on a ∈ R, but we choose a simpler form to avoid the complication of symbols. Let us establish some properties of T ∞ .
Lemma 7.2. We have the following statements:
(i) T n is a π-adically separated, normal domain for n = 0, 1, . . . , ∞.
(ii) Assume that S is a module-finite R n -algebra such that
is finiteétale for some m ∈ N and that S is contained in W π (K). Then S is contained in T ∞ . Moreover, T ∞ does not depend on the choice of the maximal ideal Q of R. (iii) The ring extension
Proof. (i): Since W π (K) is a discrete valuation ring, it is clear that T n is π-adically separated and a normal domain.
(ii): We note the following facts:
From these facts, we see that S is contained in T ∞ . Moreover, since W π (K) is a domain, we have T ∞ ⊂ R and thus, T ∞ does not depend on the choice of Q.
(iii): For any n ∈ Z, we have F n π (a) ≡ a q n (mod πR ∞ ). By using this fact, we see that the horizontal map in the diagram:
is an ind-étale extension for all n ≥ 0 by theétale base change. The assertion follows from the fact that
(iv): Since T ∞ is the filtered colimit of normal module-finite R-algebras, the assertion on the regularity of (π, a) follows from Serre's normality criterion. By this result, the map
] is reduced and hence its sub-algebra T ∞ /πT ∞ is also reduced.
We define another R ∞ -algebra which is larger than T ∞ .
. Although we will not use this ring, let us just remark that it shares some properties with T ∞ . Lemma 7.4. Let F π be the q-Witt-Frobenius map on W π (K). Then the restriction of F π to its subalgebra T ∞ (resp. T cl ∞ ) defines a ring automorphism, that is,
Then since T ∞ is the colimit of all T n , it suffices to show that F π (T n ) ⊂ T ∞ and F −1 π (T n ) ⊂ T ∞ for all n > 0 to prove the lemma. By definition, the integral extension
is ind-étale. Applying the Witt-Frobenius map, the horizontal maps in the following diagram:
are ind-étale. Since there is an equality:
] is the maximalétale extension contained in
, and hence we get F π (T n ) ⊂ T ∞ . The same type of reasoning using an equality:
(a) = a n+1 yields the other inclusion:
By a similar argument, we can establish an equality: F π (T cl ∞ ) = T cl ∞ by utilizing the following commutative diagram:
is an integral extension, so that we have
5. This example gives the failure of the stability of the Witt-Frobenius map. We set
Then R ∞ → S is a finite extension of degree 2 and the induced map
is a finite extension of perfect fields. By taking the ring of Witt vectors, this lifts to a finite extension of discrete valuation rings and we get a commutative diagram:
and we have F( √ p + x) / ∈ S.
Main theorem
We will prove the main theorem. ] isétale for some a ∈ R with ht(π, a) = 2. Then we can construct an R ∞ -algebra T ∞ associated to the module-finite extension R → S ′ , where T ∞ is as in Definition 7.1. That is, we have S ⊂ S ′ ⊂ T ∞ . Hence it suffices to construct an S ′ -algebra T , as required in the theorem. By replacing S with S ′ , we may assume that S fits into the set up of Gabber's theorem. Let q e = |F| with F = V /πV .
Under the notation as above, we prove that T := T ∞ satisfies all requirements in the theorem. As to (i) and (ii), one just applies Lemma 7.2. So it remains to prove (iii). Let F π be the q-WittFrobenius map on W π (K). According to Lemma 7.4, we have F π (T ∞ ) = T ∞ and we have the following commutative diagram:
Then P is a prime ideal that is the kernel of the composite ring map
By the commutativity of the above diagram, it follows that F π (P ) = P . Hence we have the commutative diagram:
T ∞ /P ֒→ − −−− → K where F π is the q-th power map and the restriction of Frob e to the sub-algebra T ∞ /P . Since the q-th power map is bijective on T ∞ /P , we see that T ∞ /P is a perfect F p -algebra.
Next we prove that P is minimal over πT ∞ . Recall that there is a ring map R ∞ → T ∞ → W π (K) and it gives us πR ∞ = R ∞ ∩ πW π (K), because there is a chain of injections:
where the second map is a field extension, R := (R ∞ )é t (π) is the maximalétale extension of the discrete valuation ring (R ∞ ) (π) and Q is one of maximal ideals of R. Since πR ∞ = R ∞ ∩ πW π (K), P = T ∞ ∩ πW π (K) and R ∞ ֒→ T ∞ is an integral extension of domains, it follows that P is minimal over πT ∞ .
Finally, we prove that P may be taken to be any prime ideal that is minimal over πT ∞ . For this, it is necessary to go back to the construction of relevant rings. Let (T ∞ ) (π) be the localization T ∞ ⊗ R∞ (R ∞ ) (π) . Then there is the following diagram:
in which every map is injective. We claim that T ∞ ⊂ R. Note that Frac(R ∞ ) → Frac(R) and Frac(R ∞ ) → Frac(T ∞ ) are algebraic field extensions. Let R cl be the integral closure of R in W π (K). Then by construction, we have T ∞ ⊂ R cl . Hence the above diagram fits into the following commutative diagram:
is an integral ind-étale extension, we have (T ∞ ) (π) ⊂ R by Proposition 6.5 and the maximalétale property of R over (R ∞ ) (π) . Thus, we get T ∞ ⊂ R. In particular, (T ∞ ) (π) → R is an integral extension of normal domains of Krull dimension one. Then the set of prime ideals of T ∞ that are minimal over πT ∞ corresponds bijectively with the set of maximal ideals of (T ∞ ) (π) . Any maximal ideal of (T ∞ ) (π) is obtained as the pull back of some maximal ideal of R by Lying-Over Theorem ([27]; Theorem 2.2.2). Therefore, for any such prime ideal P ⊂ T ∞ , one can find a maximal ideal Q of R such that P = T ∞ ∩ Q under the composite map
Since the construction of W π (K) is valid for any maximal ideal Q of R, it follows that P can be chosen to be an arbitrary prime ideal that is minimal over πT ∞ . Hence T := T ∞ has all desired properties.
Fix a finite field F of characteristic p > 0 and a totally ramified extension of discrete valuation rings W(F) → (V, π, F). Then we have the following corollary. 
is the filtered colimit of finiteétale R ∞ /πR ∞ [ (1) There is a special situation where the construction of the R ∞ -algebra T n becomes simpler. Let R = V [[x 2 , . . . , x d ]] be the same as before and put a := i∈Λ x i ∈ R for a non-empty subset Λ ⊂ {2, . . . , d} in Definition 7.1. We have F π (x i ) = x p e i for the q-Witt-Frobenius map F π on W π (K) and the stability of towers: 
Construction of semiperfect algebras
The main result in this section is obtained by allowing a deep ramification over p for a ring with mixed characteristic p > 0, which enables us to prove the surjectivity of the Frobenius map. We construct an algebra which contains p n -th roots of p for all n ∈ N; the equation t p n = p has a root. It has interesting applications to the construction of Fontaine rings and almost Cohen-Macaulay algebras, which will be pursued in a future's occasion (see [18] and [23] for the construction of almost Cohen-Macaulay algebras using Fontaine rings and Remark 9.3 below). We first prove a crucial lemma.
Lemma 9.1. Let A be a p-torsion free ring such that A/pA = 0 for a fixed prime integer p > 0. Assume that A is either a p-adically complete normal domain, or a henselian quasi-local normal domain. Define A to be a unique A-algebra such that A ⊂ A ⊂ A + and the localization map:
is the maximalétale extension. Then there exists an element π ∈ A such that π p = p. Moreover, A is a normal domain, the Frobenius endomorphism is surjective on A/pA and there is a ring isomorphism: A/πA ∼ = A/pA which is defined by x (mod πA) → x p (mod pA).
Proof. Since A is a normal domain and
is ind-étale, A[ together with an element a ∈ R, and a complete local normal domain S ′ such that R ⊂ S ′ ⊂ T , where R → S ′ is module-finite, S ′ → T is integral, the height of the ideal (p, a) of R is 2, and the localization maps:
Proof. Since S is a complete local domain by assumption, its module-finite extension normal domain satisfies the hypothesis of Lemma 9.1. By Theorem 5.7, there exists a module-finite extension S → S ′ , a complete discrete valuation ring V and a module-finite extension R := V [[t 2 , . . . , t d ]] → S ′ such that S ′ is normal and
isétale, where a ∈ R satisfies the condition ht(p, a) = 2. We define T to be a normal domain such that S ′ ⊂ T ⊂ S ′+ and the localization map:
is the maximalétale extension in S ′+ [ 1 p ]. It follows that T /pT is a semiperfect F p -algebra having all required properties in view of Lemma 9.1. This completes the proof of the theorem. (1) Let us briefly recall the definition of Fontaine rings (see [18] and [23] for details). Let A be a Z-algebra with A/pA = 0 for a fixed prime p > 0. The Fontiane ring of A is defined as the projective limit E(A) := lim ← −n∈N A n , where we put A n = A/pA and the transition map A n+1 → A n is the p-th power map. Explicitly, an element of E(A) is written as (a 0 , a 1 , . . . , a n , . . .) such that a i ∈ A/pA and a p i+1 = a i . It is easy to see from the definition that the Fontaine ring is a perfect F p -algebra. The ring E(A) is important for constructing the ring of p-adic periods in p-adic Hodge theory in the case A = O Cp , which is the ring of integers of the p-adic completion of Q p (see [4] for rings of p-adic periods and their connection with p-adic Galois representations). (2) Assume that A is an algebra such that the Frobenius endomorphism is surjective on A/pA.
The surjectivity of the Frobenius makes Fontaine rings fruitful. However, the surjectivity of the Frobenius is not achieved on the class of Noetherian rings (except for perfect fields) and this makes the Fontaine rings difficult. In [23] , we considered the Fontaine ring in the case A = R + for a complete local domain R. However, it is hard to study the ring E(R + ) by using the ramification theory as developed in [1] , due to the fact that R + is a too huge integral extension of R. By considering T in Theorem 9.2, there seems to be a chance to know more about the Fontaine ring E(T ) by applying the almost purity theorem by Davis and Kedlaya (see [7] ; Theorem 5.2) and a big ring R ∞ defined in [22] (note that this R ∞ is different from R ∞ defined in the present article). Using this approach, it may be possible to construct an almost Cohen-Macaulay algebra which is strong enough to prove the homological conjectures.
